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a b s t r a c t
In this work, we prove that approximate trigonometric functions are bounded. That is, if a
non-zero function f satisfies the inequality | f (x + y) − f (x − y) − 2f (x)f (y)| ≤ ϕ(x) or
ϕ(y), then f is bounded.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The stability of the cosine functional equation (also called the d’Alembert functional equation)
f (x+ y)+ f (x− y) = 2f (x)f (y) (1)
and that of the sine functional equation
f (x)f (y) = f
(
x+ y
2
)2
− f
(
x− y
2
)2
(2)
were investigated by Baker [3] and Cholewa [4], respectively. And theywere also improved by Badora, Ger, Kannappan, Kim,
etc. [1,2,5–7].
Now we consider the following type of functional equation:
f (x+ y)− f (x− y) = 2f (x)f (y). (3)
Then Eq. (3) implies Eq. (1) but not vice versa. In fact, if a function f satisfies the condition (3), then for all x, y, z
f (x+ y+ z)− f (x− y− z) = 2f (x)f (y+ z),
f (x+ y− z)− f (x− y+ z) = 2f (x)f (y− z).
From these equations we have
f (x+ y+ z)− f (x− y− z)− f (x+ y− z)+ f (x− y+ z) = 4f (x)f (y)f (z),
f (x+ y+ z)− f (x+ y− z)+ f (x− y+ z)− f (x− y− z) = 2(f (x+ y)+ f (x− y))f (z)
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for all x, y. Thus f (x+ y)+ f (x− y) = 2f (x)f (y) for all x, y and so f (x) = 0 for all x. But there is a non-zero cosine function
satisfying Eq. (1).
We can consider whether the perturbation of Eq. (3) also has the above property or not.
In this work we show that if a function f satisfies the inequality
| f (x+ y)− f (x− y)− 2f (x)f (y)| ≤ ϕ(x) or ϕ(y), (4)
then f is bounded. For example, if f (x) = sin x then
| f (x+ y)− f (x− y)− 2f (x)f (y)| ≤ 4.
Thus there is a non-zero function f satisfying the inequality (4). This type of function f is called an approximate trigonometric
function. In particular, we extend the results obtained to the Banach algebra.
In this work, let (G,+) be an abelian group, C the field of complex numbers, and R the field of real numbers. We may
assume that f is a non-zero function, ε is a nonnegative real constant, and ϕ : G→ R is a given nonnegative function. If we
consider the Kannappan condition f (x+y+z) = f (x+z+y) (see [5]), then the results obtainedwill hold on the semigroup.
2. Boundedness of approximate trigonometric functions
In this section, we will investigate the properties of approximate trigonometric functions.
Theorem 1. Suppose that f : G→ C satisfies the inequality
| f (x+ y)− f (x− y)− 2f (x)f (y)| ≤ ϕ(x) ∀x, y ∈ G. (2.1)
Then f is bounded.
Proof. Suppose that f is unbounded. Then we can choose a sequence {yn} in F such that
0 6= | f (yn)| → ∞ as n→∞. (2.2)
(i) First, taking y = yn in (2.1) we obtain∣∣∣∣ f (x+ yn)− f (x− yn)2f (yn) − f (x)
∣∣∣∣ ≤ ϕ(x)2| f (yn)| ,
that is,
lim
n→∞
f (x+ yn)− f (x− yn)
2f (yn)
= f (x) (2.3)
for all x ∈ G. Using (2.1) we have
2ϕ(x) ≥ | f (x+ (y+ yn))− f (x− (y+ yn))− 2f (x)f (y+ yn)|
+ | f (x+ (y− yn))− f (x− (y− yn))− 2f (x)f (y− yn)|
≥ | f (x+ (y+ yn))− f (x− (y+ yn))− 2f (x)f (y+ yn)
− f (x+ (y− yn))+ f (x− (y− yn))+ 2f (x)f (y− yn)|
so that∣∣∣∣ f ((x+ y)+ yn)− f ((x+ y)− yn)2f (yn) + f ((x− y)+ yn)− f ((x− y)− yn)2f (yn) − 2f (x) f (y+ yn)− f (y− yn)2f (yn)
∣∣∣∣
≤ ϕ(x)| f (yn)|
for all x, y ∈ G. By virtue of (2.2) and (2.3), we have
| f (x+ y)+ f (x− y)− 2f (x)f (y)| ≤ 0
for all x, y ∈ G. Therefore f satisfies (1).
(ii) Secondly, replacing x by x+ yn and x− yn in (2.1), a slight change to (i) gives us the inequality∣∣∣∣ f ((x+ y)+ yn)− f ((x+ y)− yn)2f (yn) − f ((x− y)+ yn)− f ((x− y)− yn)2f (yn) − 2 · f (x+ yn)− f (x− yn)2f (yn) · f (y)
∣∣∣∣
≤ ϕ(x)| f (yn)| ,
which gives, with an application of (2.3), the required result (3).
From these two Eqs. (1) and (3) we have f = 0. This is a contradiction. Thus f is bounded. 
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Theorem 2. Suppose that f : G→ C satisfies the inequality
| f (x+ y)− f (x− y)− 2f (x)f (y)| ≤ ϕ(y) ∀x, y ∈ G. (2.4)
Then f is bounded.
Proof. Suppose that f is unbounded. Then there is a sequence {xn} in G such that 0 6= | f (xn)| → ∞ as n→∞; an obvious
slight change in the steps of the proof applied in Theorem 1 with x = xn in (2.4) gives us
lim
n→∞
f (xn + y)− f (xn − y)
2f (xn)
= f (y) y ∈ G. (2.5)
Replacing x by xn + x and xn − x in (2.4), and dividing both sides by 2f (xn), we have the inequality∣∣∣∣ f (xn + (x+ y))− f (xn − (x+ y))2f (xn) − f (xn + (x− y))− f (xn − (x− y))2f (xn) − 2 f (xn + x)+ f (xn − x)2f (xn) · f (y)
∣∣∣∣
≤ ϕ(y)| f (xn)| (2.6)
for all x, y ∈ G and every n ∈ N. Taking the limit as n −→∞with the use of (2.5), we conclude that, for every x ∈ G, there
exists the limit function h : G→ C defined by
h(x) := lim
n→∞
f (xn + x)+ f (xn − x)
2f (xn)
,
which satisfies, by (2.6), f (x+ y)− f (x− y) = 2h(x)f (y) and h is even. From this equation and the inequality (2.4), we have
|2h(x)f (y)− 2f (x)f (y)| ≤ ϕ(y) ∀x, y ∈ G. (2.7)
Hence, for f (y) 6= 0,
| f (x)− h(x)| ≤ ϕ(y)
2| f (y)| , ∀x, y ∈ G.
That is,
|h(x)− f (x)| ≤ M ∀x ∈ G,
where M = inf{ ϕ(y)2| f (y)| |y ∈ G, f (y) 6= 0} < ∞. Since h is even and f is odd, −M ≤ h(x) − f (x) ≤ M and also−M ≤ h(−x)− f (−x) = h(x)+ f (x) ≤ M. Thus−M ≤ h(x) ≤ M for all x ∈ G and so |f | ≤ 2M . This is a contradiction. 
Corollary 1. Suppose that f : G→ C satisfies the inequality
| f (x+ y)− f (x− y)− 2f (x)f (y)| ≤ ε,
Then f is bounded.
Corollary 2. Suppose that f : G→ C satisfies the inequality
| f (x+ y)− f (x− y)− 2f (x)f (y)| ≤ ε ∀x, y ∈ G. (2.8)
Then there exists M such that
| f (x+ y)+ f (x− y)− 2f (x)f (y)| ≤ εM ∀x, y ∈ G (2.9)
Proof. By Theorem 1 there is K such that | f (x)| ≤ K for all x ∈ G. For all x, y, z ∈ G, we have
| f (x+ y+ z)− f (x− y− z)− 2f (x)f (y+ z)| ≤ ε,
| f (x+ y− z)− f (x− y+ z)− 2f (x)f (y− z)| ≤ ε,
| f (x+ y+ z)− f (x+ y− z)− 2f (x+ y)f (z)| ≤ ε,
| f (x− y+ z)− f (x− y− z)− 2f (x− y)f (z)| ≤ ε.
From these inequalities we have
| f (x+ y+ z)− f (x− y− z)− f (x+ y− z)+ f (x− y+ z)− 2f (x)(f (y+ z)− f (y− z))| ≤ 2ε,
| f (x+ y+ z)− f (x+ y− z)+ f (x− y+ z)− f (x− y− z)− 2(f (x+ y)+ f (x− y))f (z)| ≤ 2ε
for all x, y. Thus the following inequality holds:
| f (x)(f (y+ z)− f (y− z))− (f (x+ y)+ f (x− y))f (z)| ≤ 2ε
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for all x, y, z ∈ G. Then
| f (x+ y)+ f (x− y)− 2f (x)f (y)| ≤
∣∣∣∣ (f (x+ y)+ f (x− y))f (z)− f (x)(f (y+ z)− f (y− z))f (z)
∣∣∣∣
+
∣∣∣∣ f (x)(f (y+ z)− f (y− z))− 2f (x)f (y)f (z)f (z)
∣∣∣∣
≤ 2ε| f (z)| +
ε| f (x)|
| f (z)|
≤ ε 2+ K
L
for L = f (z) and all x, y ∈ G. LettingM = 2+KL , we complete the proof. 
3. Extension to the Banach algebra
The range of functions on the abelian group in all results of Section 2 can be extended to the Banach algebra. For simplicity,
we will only represent one of them, and the extension of the other theorem and corollaries will be omitted.
Theorem 3. Let (E, ‖ · ‖) be a semisimple commutative Banach algebra. Assume that f : G→ E satisfies one of the inequalities
‖f (x+ y)− f (x− y)− 2f (x)f (y)‖ ≤ ϕ(x) ∀x, y ∈ G (3.1)
and
‖f (x+ y)− f (x− y)− 2f (x)f (y)‖ ≤ ϕ(y) ∀x, y ∈ G. (3.2)
Then f is bounded.
Proof. Let x∗ ∈ E∗ be an arbitrary linear multiplicative functional. Suppose that x∗ ◦ f is unbounded.
(i) Assume that (3.1) holds, and fix arbitrarily a linear multiplicative functional x∗ ∈ E∗. As is well known, we have
‖x∗‖ = 1; hence, for every x, y ∈ G, we have
ϕ(x) ≥ ‖f (x+ y)− f (x− y)− 2f (x)f (y)‖
= sup
‖y∗‖=1
∣∣y∗ (f (x+ y)− f (x− y)− 2f (x)f (y))∣∣
≥ ∣∣x∗ (f (x+ y))− x∗ (f (x− y))− 2x∗ (f (x)) x∗ (f (y))∣∣ ,
which states that the superpositions x∗ ◦ f yield a solution of inequality (2.1). Since, by assumption, the superposition x∗ ◦ f
is unbounded, the same proof as for Theorem 1 shows that the function x∗ ◦ f solves Eq. (1). In other words, bearing the
linear multiplicativity of x∗ in mind, for all x, y ∈ G, the difference D(x, y) := f (x+ y)+ f (x− y)− 2f (x)f (y) falls into the
kernel of x∗. Therefore, in view of the unrestricted choice of x∗, we infer that
D(x, y) ∈
⋂
{ker x∗ : x∗ is a multiplicative member of E∗}
for all x, y ∈ G. Since the algebra E has been assumed to be semisimple, the last term of the above formula coincides with
the singleton {0}, i.e.
f (x+ y)+ f (x− y)− 2f (x)f (y) = 0 for all x, y ∈ G,
as claimed.
(ii) Under the assumption that the superposition x∗ ◦ f satisfies (2.1), we know from the proof of Theorem 1 that the
superposition x∗ ◦ f is solution of the equation
x∗ (f (x+ y))− x∗ (f (x− y)) = 2x∗ (f (x)) x∗ (f (y)) .
Namely,
f (x+ y)− f (x− y)− 2f (x)f (y) ∈
⋂
{ker x∗ : x∗ is a multiplicative member of E∗}.
The other argument is similar. Thenwe have f = 0, which contradicts the non-zero condition of f . Thus x∗ ◦ f is bounded.
Since x∗ is a bounded linear functional, f is bounded.
If f satisfies the inequality (3.2), then an obvious slight change in the steps of the above proof gives us the boundedness
of the function f . 
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Corollary 3. Let (E, ‖ · ‖) be a semisimple commutative Banach algebra. Assume that f : G→ E satisfies the inequality
‖f (x+ y)− f (x− y)− 2f (x)f (y)‖ ≤ ε ∀x, y ∈ G.
Then f is bounded.
Corollary 4. Let (E, ‖ · ‖) be a semisimple commutative Banach algebra. Assume that f : G→ E satisfies the inequality
‖f (x+ y)− f (x− y)− 2f (x)f (y)‖ ≤ ε ∀x, y ∈ G.
Then there exists M such that
‖f (x+ y)+ f (x− y)− 2f (x)f (y)‖ ≤ εM ∀x, y ∈ G.
Proof. By the method of proof in Corollary 2 with Theorem 3, the proof is completed. 
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